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Abstract 



CN| ' We investigate differential systems occurring in the study of particular non-isolated singularities, the so-called 



or 



linear free divisors. We obtain a duality theorem for these D-modules taking into account nitrations, and deduce 
'■ degeneration properties of certain Frobenius manifolds associated to linear sections of the Milnor fibres of the 
, divisor. 

m : 



Introduction 



The aim of the present note is to study the duality theory of some particular differential systems, which were introduced 
^ n. [GMS09] . These are Gaufi-Manin systems associated to hyperplane sections of Milnor fibres of special non-isolated 
singularities, called linear free divisors. These Gaufi-Manin systems are used in loc.cit. for the construction of families of 
Ijrobenius manifolds (following the general framework from [DS03] ) , which generalizes the Frobenius structure defined 
Qby the quantum cohomology of the projective space. A natural question one may ask in this context is whether they 
also arise as the quantum cohomology of some variety (or orbifold). A particular and interesting class of examples 
l/-pf linear free divisors are discriminants in representation spaces of a quiver Q (see, e.g., [BM06] and [GMNS09]). 

£>[n that case, one may also ask about the relationship between the Frobenius structures constructed in loc.cit. and 
^Qhe conjectured Frobenius manifold structure on the space of stability conditions in D b (modkQ) (see ,e.g., [Bri09] or 

§Tak05] ) . In any case, a precise study of the various properties of linear free divisors and of the Frobenius manifolds 
rom [GMS09] is of interest in both singularity theory and representation theory. Particularly important is a detailed 
^nnderstanding of the degeneration behavior at the limit point of the parameter space (corresponding to the hyperplane 
,^-iection of D itself, and generalizing the large radius limit of the quantum cohomology of P"). Some questions on 
^he limit behavior of the Frobenius manifolds constructed in [GMS09] remained open in that paper because of a lack 
^H)f understanding of the duality theory of the Gaufi-Manin systems associated to the above mentioned hyperplane 
^gections. In this paper, we prove a conjecture from loc.cit. and give some consequences on this degeneration behavior. 
• ^The basic tool for this proof is an explicit description of the Gaufi-Manin system by differential operators, for which 
^^he duality statements needed can be calculated directly. 

^Jjet us notice that the mirror of the quantum cohomology of the projective spaces can also be generalized by the 
-mirror Landau-Ginzburg model of a weighted projective space, in that case, one can similarly study the associated 
filtered Gaufi-Manin systems, and due to the more explicit control of the relevant cohomological invariants (the spectral 
numbers, see proposition 3 below), the corresponding statements have been shown in [DM09], following general results 
on a purely algebraic construction of Frobenius manifolds in [Dou09] . The main point in this note is to obtain these 
results for the Gaufi-Manin systems of linear sections of Milnor fibres of linear free divisors, where due to the more 
complicated combinatorial structure of the input data (like quiver representations) the distribution of the spectral 
numbers is less easy to control. 

Acknowledgements: I would like to thank Thomas Reichelt and John Alexander Cruz Morales for interesting 
discussions on topics related to this article. 



2 Linear free divisors, hyperplane sections and Gaufi-Manin systems 

We start by introducing the main objects of interest of this paper. We also give a short but self-contained account of 
the results from [GMS09] needed here. More details can be found in loc.cit. and in [Sevll]. 
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Definition-Lemma 1. Write V for the affine space C" with coordinates x\,. 
hyper surf ace, given by a polynomial equation h £ Oy. 



. , x n . Let D C V be a reduced 



1. D is called a linear free divisor iff there is a basis #1, . . . , of the Oy -module 0(— log D) := {t? £ Oy | i)(h) C 
(h)} (in particular, 0(— log D) must be Oy-free) such that = X)j=i a ij9 x where £ C[V]i is a linear form. 
We will also consider the submodule 0(— log h) = {$ £ 0(— log D) \ $(h) = 0}. 0(— log h) is Oy-free of rank 
n — 1 and we have 0(— log D) = 0(— log h) © Oy ■ E, where E = J2"=i x i@Xi ■ 

2. D is called reductive, if the identity component G of the algebraic group Go '■= {g £ G1(V) | g(D) C D} is so. 

3. For any reductive linear free divisor D, the dual action of G on V y has an open orbit, with complement a reduced 
hypersurface D y . Any linear form f in the open orbit V V \D' V is called generic. 

We are interested in Gaufi-Manin systems of the restriction of generic linear forms to the Milnor fibres of D, this leads 
to consider relative de Rham complexes with twisted differentials. 

Definition-Lemma 2. Let D C V be a reductive linear free divisor with defining equation h, seen as a morphism 
h : V —> T = Spec C[t]. Moreover, let f € V V \D V be a generic linear form, which we see as a morphism f :V — > S = 
Spec C[s]. 
Put 

GQogD) :=H"(0^ /T (log D)\0,6-\6d- df A) ; G(*D) := H"- 1 (0^ /T (*L>)[6', 6d - dfA) 

G (log D) := H"(0^ /T (log D)[0],Od - dfA) ; G (*D) := B n - 1 (Sl^ /T (*D)[ff\, Od - dfA) 

where Q V/T (*D) := Q v (*D)/h*n^(*{0}) A fi^ -1 (*.D) resp. f^ /T (log D) := fi^(log D)/h*Q^(log{0}) AOy ^log D) 
is the localization along D resp. its logarithmic extension over D of the relative de Rham complex of h. Then G(*D) 
is C[6,6- 1 ,t,t- 1 ]-firee of rank n and G (log D) (resp. G (*D),G (log D)) is a C[0,0~\*]- (resp. €[0, t, t' 1 }-, €[0,t}-) 
lattice inside G(*D). There is a connection operator 



V : Go (log D) — > G (log D) 



CxT 



(log(({0} x T) U (C x {0}))) 



which induces connections on G(log D), Gq(*D) and G(*D). 



We have constructed in [GMS09] two particular bases of Go(*D) in which the connection can be expressed in a very 
simple way. This is summarized in the following proposition. 



Proposition 3. 

such that 



where 



1. There is a (D t, i — *^] - basis lo_ = (ujx, ...,u„) (called iJ 2 ^ in [GMS09, corollary 4.12]) ofG {*D) 



V(w) 



(A>- 



Ar. 



de , . i 
>-zr + (-4)7i 



A' 



^dt 
nt 



(1) 



A :-- 



c £ C*, Aoo = diag(i/i, . . . , v n ) and A'^ := diag(0, 1, . 
properties: 

(a) For all i £ {1, . . . ,n — 1}, we have Vi+\ — v>i < 1. 

(b) Let a £ S n be a permutation such that v a (\) < ■ • 



/ o 


.. 


. 


c-A 


-1 


.. 


. 








.. 


. 





\o 


.. 


. -1 


0/ 



A a 



The numbers i>i have the following two 



< 



v o(n) ■ Then we have the symmetry v a (i) + v u( 



n+l-i) 



We have Go (log D) = ®" =1 C[t, 6\uji and the basis to is a V + -solution to the Birkhoff problem (see [DS03, appendix 
B.d]) of the module (Go(log D)/t -Go(log Z?),V), which was called logarithmic Brieskorn lattice in [SevllJ. 

2. There is another basis 2 of Gq(*D) (called u/ 3 * 1 in [GMS09, corollary 4-12]) for which the connection matrix 
takes the same form as for lu, that is 



V(w) = uj, ■ 



(A°- +^)- + (-A«- + AU- 
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where = diag(I7i, . . . ,v n ) and A'^ = diag(0, 1, . . . , n — 1) — A^. Here the numbers Vi have the same properties 
as the numbers Vi above and satisfy additionally V\ — u n < 1, moreover, we have cu — uj_ if v\ — v n < 1 . uj_ is a 
V + -solution to the Birkhoff problem in a family for (Go(*D), V). 

The following theorem is a rather easy consequence of this result, but it will be very useful when studying the duality 
theory of G(*D). 

Theorem 4. Write V = G[9, t, t~ l ]{d t , d 9 ). Then there is an isomorphism of left T>-modules 

ip-.g :=V/V-{P U P 2 ) — > G{*D) 

(2) 

1 i — > [n vol / dh] , 

where 

n ( \—\—v\ 

Pi ■■= TT el td t - - - — • t ; P 2 := e 2 d 9 + n ■ tedt 

J - J - \ n I n n 

and where vol = dx\ A ... A dx n . The inverse image of the lattice Gq(*D) under tp can be described as the subring Go 
ofV/V ■ (Pi,P 2 ) defined as 

Go := G[9, t, r 1 } (9d t ,9 2 d e ) /C[6, t, t' 1 } (9d t ,9 2 d e ) ■ (Pi, P 2 ). 
ffere C[&,i,i _1 ](09t,0 2 9 e > is tfte G[9, t, t^-subalgebra of V generated by 9d t and9 2 d e . 

Proof. By forgetting the dg-action, we can see G(*D) as a <D[0, t, t^ 1 } (9 t ) -module only. The first step is then to 
show that there is an isomorphism of G[9, (9 _1 , t, i _1 ](9t)-modules 

1 i — >• [n vol / dh] , 

From the form of the operator Pi we see that the left hand side is generated over G[9, O^ 1 , t, t^ 1 ] by the elements 
[Qi : — T['j=i 0(td t ~~ 3 ^ ^ ) ) , where we put by definition Q := 1. Hence the operator 0i9 t — sends 

V / 0,...,n— 1 

to Qi, so that by setting tp(Qi) ■= n~ we obtain a (D[0, i, i _1 ]-linear map which is compatible with the 
action of dt on the left hand side and Vg t on the right hand side. Due to the particular form of the operator P 2 (more 
precisely, due to the fact that 9~ 2 ■ P 2 = de + n9~ 1 td t G (Pi, Pa)), the module Q is isomorphic to Q when seen as a 
G[9, Q~ l , t, t _1 ](c?t)-module only. Hence in order to finish the proof of the first statement, we have to check that the 
action of de on Q coincides with the action of Va e on G(*D), which is clear from formula (1), and by noticing that 

{9 2 d e -9u^ l )-Q^ 1 = (i-ljfl* -Pi-i-^" 1 ■R i - 1 -netd t -e i u i -R i -i 
9 l ■ (-ntd t + i - 1 - fi) ■ Ri-i = -n-Qi, 

where we write Ri = Y[) =l {td t - 3 ~ 1 ~ Vi )■ 

Looking at the connection matrix (1), one immediately sees that <p(Go) C Gq(*D). In order to show equality, take 
any section [lo] G Go(*D) with representative u> = ^2 k>0 9 oj ( fe ), where ojW G VL^{*D). There is an (uniquely 
determined) operator P in Q with <p(P) = [w], and we have to show that P G Go- By linearity of (p, it is sufficient to 
do it for the case where ^ 0, and then there is a minimal k G IN with 9 k ■ P G Go, and then the class of 9 k ■ P in 
Go/OGo is non-zero. On the other hand, 9 k p(P) — 9 k uj G Gq(*D), and the class of 9 k u) is zero in Gq(*D)/9 ■ Gq(*D) 
unless k = 0. Hence the statement follows once we know that the induced morphism 

m ■ Go/OGo — > G o (*D)/0Go(*D) 
is an isomorphism. Now recall from [GMS09, section 3.2] that the relative deformation or Jacobian algebra is defined 

as O 

t ^/ t(/) := d/(0(-io g h)y 

Then we have Gq(*D)/9Gq(*D) S H°(V, T^, T (f)) ■ vol. On the other hand, Go/OGo = Go/OGo = G[t, t -1 , m]/(M™ - 

c/ri™ ■ t), where we denote by /j, the class of [Odt] in Go/OGo- Then the isomorphism G[t, t~ x , fi]/((tfj,) n — c/n n ■ t) = 
H°{V, T£ /t (/)) follows from [GMS09, proposition 3.5]. □ 
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3 Duality theorems 



In this sections we derive the existence of a pairing on the meromorphic bundle G(*D). For that purpose, we compute 
the holonomic dual of the module Q. We show that it is self-dual, by exhibiting a 2?-free resolution of it. Using theorem 
4 and a comparison result between the meromorphic and the holonomic dual module of a meromorphic bundle, this 
yields the pairing mentioned above. We also show that it is compatible with the lattice Gq(*D), this fact is used later 
for the construction of the flat metric on the Frobenius manifold associated to the pair (/, h). 

Proposition 5. 1. Let Q r := P/(P*, — P 2 ) • T> be the right module associated to Q, here 

P{ := f[(-0) (td t + * ~ 1 ~ Vi + l) - 4 • t ; P\ := - (6 2 d e + n ■ tOd t + 0(n + 2)) . 



! = 1 



are the usual transforms of Pi and P 2 ■ Then Q r has a the following explicit resolution by free right V -modules 

P%-n6 

n )' (pt -pi)- 
v — V 2 v *- g r *- (3) 



2. We have Og = V/V ■ (Pi,P 2 ) where Pi = P{ and P 2 := -P| + n6 = 6 2 d 6 + nt9d t + 9(2n + 2). Moreover, there 
is an isomorphism $ : Q — >■ t*J3Q of left V-modules, induced by $(m) = m ■ 9 n+2 ■ t for any m G Q , where 1 is 
the involution sending z to —z. 

Proof. 1. From the commutation relation [P*, Pj] = n ■ 6 ■ P* we conclude that (3) is a complex. In order to show 
that it is exact, filter T> as usual by orders of operators. Then it suffices to show that the graded object with 
respect to this filtration of the complex (3) is acyclic. It is easy to see that the symbols cr(Pf) = (—8ta(dt)) n 
and er(Pj) = ~0 2 cr(dg) — nt9a(dt) form a regular sequence in gr(X>), so that the only relation between them is 
the Koszul relation, and the corresponding (exact) Koszul complex is exactly the graded complex associated to 
the above complex of P-modulcs, which is hence acyclic. 

2. As the above sequence (3) is a free right resolution, we obtain that HQ is the top cohomology group of its dual 
complex (which is naturally a complex of left 2?-modules, notice that we could have as well started with a left 
resolution of Q, use it to compute the right 2?-modulc Extj,(Q ,V) and then obtain ]D>Q as the left transform of 
it). It follows from [Sevll, corollary 17] that P x = i\™ =1 {-6) (td t - l ~ X ~ Vt +l)-^-t, due to the symmetry of 
the numbers l ~ 1 ~ Vi deduced in loc.cit. from the symmetry of the roots of the Bernstein polynomial b^ shown 
in [GS10]. Now one checks explicitly that the morphism 



$ : V/V- (Pi,P 2 ) — > l* [V/V- (Pi,P 2 ; 

m 1 — ► m ■ 6 n+2 ■ t 



is well-defined, i.e., that Pi(6»"+ 2 t) = P 2 {6 n+2 t) = 6i* (v/V(P u P 2 )) . It is obviously invertiblc, and her 
yields the desired isomorphism $ : Q — > l*H)Q. 



□ 



From the above calculation we can now deduce the first main result. 



Theorem 6. There is a non-degenerate, (— l)' 1 l -symmetric pairing S : G(*D) (& l*G(*D) — > <C[9,0 1 ,t,t 1 ], which 
is compatible with the connections. 

Proof. We first recall a construction from [DS03, lemma A. 11] and [Sai89, section 2.7] which yields a canonical 
resolution of the right 2?-modulc associated to G(*D) and, as a consequence, an identification of the holonomic and 
the meromorphic dual of G(*D). We will write O := O s , xT , and W := Hi „, with S* = Spec C^fl" 1 ]. 
Consider the de Rham complex Q*(£>) of V which is a resolution by free right P-modules of f2 2 , i.e., the exact sequence 

— > V Q 1 ® V -f—t VL 2 ® t> n 2 — >• 0, 

where a'(P) = d6 ® (d e -P) + dt ® (d t ■ P), f3'(d6 ® Pi + dt ® P 2 ) = {d0 A dt) ® (d g -P 2 ~d t - Pi) and j'((d6 A di) ®Q) = 
{d6 Adt) ■ Q, where the last term denotes the result of the right action of the operator Q on the element d6 Adt € ti 2 . 
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Now recall that there is a sequence of isomorphism of right £>-modulcs 



<g£>) ®G{*D) 



(V ® G(*D)) ft' 1 <g) (G(*D) ® Z>) ^ (ft 1 <g G(*P)) <g V 



(4) 



where all tensor products are over O, where the left-most and the right-most isomorphisms are the obvious ones, and 
where the middle-one is induced by the isomorphism V (g G(*D) ^ G{*D) (g V sending P (g m to P • (m <g> 1). Notice 
that here G(*D) <g T> carries the trivial right £>-module structure (i.e., the one coming from right multiplication on 
the second factor), but also the left P-module structure induced by the action g(m <g P) = m® gP for g £ O and 
£(m (g) P) := £to g> P + to <g £P for £ G Dcr(C, O) C P. Similarly, 2? ® G(*Z?) has the trivial left structure, but also 
a (non-trivial) right structure defined similarly to the left structure of G(*D) <g> T>. Using these isomorphisms, one 
checks that the right 2?-module complex fl'(T>) ® G(*D) is isomorphic to 







G(*D) go^AO 1 ®o G(*P) 8 dA!! 2 ® G(*D) ® q V & ®o G(*D) 







(5) 



where a (resp. (3 and 7) are induced from a' <g IcIg(*d) ( re sp- P' <g Ida(*D) an d 7' <g IdaUD)) under the isomorphisms 
(4) and can be expressed explicitly as follows 



a(m <g> P) 



dO <g> (V s to (g) P + to (g <9 e P) + <g (V t m <g P + m (g <9 t P) 



/3(d6> (g mi <g Pi + <g> m 2 (g> P 2 ) = (20 A di (g> (Vem 2 (g P2 + m 2 (g d#P 2 - V t mi (g) Pi - m x <g d t Pi) 

j(d6 A dt g> (to <g P)) = ((d0 Adt)-P)®m- (d6 A dt) <g (P • to) 

where, as before (d0 A dt) ■ P denotes the right action of the operator P £ D on the form d8 A dt £ ft 2 and P • to 
denotes the left action of P on to using the connection on the meromorphic bundle G(*D). Notice that as G(*D) is 
O-free, the complex (5) is still exact, in other words, it yields a canonical resolution by free right £>-modulcs of the 
right module associated to G(*D). 

The isomorphism (p : Q — > G(*D) from theorem 4 induces an isomorphism (p r on the associated right 2?-modules, and 
the latter extends to an isomorphism of complexes 



G{*D) ®o P c 



pi - n(9 

Pi 



V 2 



(Pi 



n 1 ®e> G(*D) ®o V ■ 



■V- 



G{*D) 



V ■ 



g r = v/(pZ,pZ)v 



(6) 



G(*D). 



Applying the functor "Woto-d (—,£>) to the free part of the above diagram (i.e., to the morphism between the free 
resolutions of Q r resp. ft 2 ® G(*D)) and using the isomorphism "Hotox>(P ® £>,£>) = TbmoiF, T>) = T> (g J rV for any 
O-free module J 7 , we see that the free resolution of ft 2 (g G(*P/) is transformed to the complex G(*D) V (g Sp°(T>), 
where Sp'(T>) denotes the Spencer complex of T>, i.e., a resolution of T> by free left V- modules. This is a free left 
resolution of the left 2?-modules G(*D) y . Hence the transpose of ip induces an isomorphism : G(*D) V — > HQ of left 
£>-modules. 

The existence of the pairing S can be rephrased as an isomorphism ^ mer ; (G(*P), V) ^ l* (G(*P), V) of meromor- 
phic bundles with connection (here (G(*D), V) v denotes the dual vector bundle together with its dual connection). 
We define $ mer by the commutative diagram 



t *(G(*P),V) N 



(T) 



(<?(*£>), V) 
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where $ is the morphism from proposition 5, 2. Notice that $ mer is an isomorphism as $, ip and are so. 
In order to show the (— 1)™~ ^symmetry of S, we use a variant of a criterion from [DS03, corollary 1.23]. Namely, it 
is sufficient to show that the morphism 

: L*B(i*m) = g — > L*ng 

satisfies = (— 1)™ This can be proved by computing a resolution of the right module L*{pQ) r = i*£xtx>(0,T>), 
extending the morphism $ r : Q r — > (t*B(/) r to a morphism of the corresponding resolutions and dualizing. In other 
words, we consider the following morphism of complexes 



(-a) 




(8) 



where P{ = IlLiM) { td t " 
morphism induces the map 



- 1 Vi ) %■ • t and where we have put a := 9 n+2 t for short. The dual of the leftmost 

BPBG = i*g S V/V{P[ 1 P 2 ) — 



-> ng = v /v{p{ , n6 - p* 2 ) 

m i — > m- (-a) = m ■ (-1) • 9 n+2 t 

Therefore the morphism t*D$ is given by right multiplication with (—1) • (— 6) n+2 t and hence satisfies i* 
(-1)" +1 • $ = • $, as required. 



□ 



In the remainder of this section, we will show a more refined version of theorem 6 taking into account the behavior of 
the pairing S with respect to the lattice Go (*£>). More precisely, we have the following result. 

Theorem 7. The pairing S from theorem 6 satisfies S(Gq(*D),Go(*D)) C 6 n ~ 1 C[6, d^ 1 , t, t^ 1 ] . Moreover, it induces 
a non-degenerate symmetric pairing S : (G (*D)/Q ■ G (*D)) ® (G (*D)/6 ■ G (*D)) — > 9 n ~ 1 €[t, t^ 1 } . 



Proof. It is clear that the statement of the theorem is equivalent to the fact that the morphism $ r 
l*G(*D) appearing in the proof of the previous theorem sends Gq(*D) isomorphically onto 



in — 1 



G(*D) ^ 
G (*L>) V ), where 



G (*D) V = Hrnicy^-^G^D)^^- 1 }) S {l e G(*D) V \l(G (*D)) C Cp.t,* -1 ]} c G(*D) V . 

In order to show this statement, we will consider completions along 6 — 0. We write O a := C[[6']][6'~ 1 ,t,t~ 1 ]. For any 
O-modulc J 7 we denote by J- A the tensor product with O a . We have thus a duality isomorphism $ mer > A : G(*D) A — > 
(PG{*D) V ) A . As both if (Q 71 - 1 ■ G (*D) V ) and $ mer (G (*£>)) are lattices inside t* (G(*L>) V ), it is sufficient to show 



that $™ er > A ■ G (*DY 



Gq(*-D) v )) . In order to show this property, we will consider the formal versions 



of the exact sequences (3) and (5), which are exact sequences of V A := G[[6]][6 1 ,t,t 1 ] (de, <9t)-modules. 
We have thus the following formal version of the diagram (6) 



T> A( ~ 



Pi - n6 

pi 



(V 



(pi 



(Q r 



T> A /(Pi,pi)v 



(9) 



(G(*D) ® T>) A< ~ 



(ft 1 ®G{*D)®V)' 



(n 2 ® g(*d) ®vy 



(n 2 ®G(* J D)) / 
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Consider as in [DS03, lemma A. 12] the nitration F, on V A which extends the order filtration on C[t,t~ 1 ](dt) and 
for which dg has degree two and 9 has degree —1 (this is not the usual filtration by order as considered in the 
proof of proposition 5, 1. above). Notice that by an argument like in [SSTOO, page 4], we see that gr^V A = 
<C[[9]} t, t _1 , u, v], where u resp. v represents the class of dg resp. dt- The ring gr^ is graded by deg(t) = 0, 
dcg(0) = — 1, dcg(u) = 2 and deg(u) = 1. Notice further that F, induces a good filtration on Q A with Qq = FqQ a , 
and that we have F k Q A = 9~ k G£, this follows from the fact that Q A = ©"TgCPp" 1 , t, i" 1 ]^ and that any is 
of degree zero (i.e. the minimal k such that Qi <E F^T> A is zero). Moreover, put F^G(*D) A := 9~ k Go{*D) A , then 
as FkQ A = 9 Go the isomorphism ip A : Q A ^ G(*D) A induced from the isomorphism ip from theorem 4 is strictly 
filtered. 

We will consider induced filtrations F,(fl 1 ) A resp. F,(fl 2 ) A defined by the filtration on O a induced from the filtration 
on V A . These filtrations are defined such that d6 e F_ 2 (^ 1 ) A \^-3(^ 1 ) A , dt E F_i(f7 1 ) A \^_ 2 (fi 1 ) A and d6 A dt £ 
F_ 3 (ft 2 ) A VF_ 4 (ft 2 ) A . The map of right £> A -modulcs {tp A ) r : (£ A ) r -> ((ft 2 ) <g> G{*D)) A associated to the morphism 

tp A sends 1 to (d9 A dt) (gi (vol /dh) and thus satisfies (tp A ) r : F.(g A ) r 4 F._ 3 (ft 2 ® G(*L>)) A . 

Notice that we have VgFkG(*D) A C Fk+2G(*D) A (because Go(*D) is stable by 9 2 Vg) and that similarly the inclusion 
V 'tFkG(*D) A C Ffc + iG(*Z)) A holds. Using our convention for the induced filtration on ft 1 and ft 2 , this shows that 
the formal version of the resolution (5) is filtered. The same is obviously true for the formal version of the sequence 
(3), as all components of the matrices defining the differentials in that sequence have degree for the filtration F,T> A , 
so that we can define the filtration on each term in the standard way. Hence all horizontal maps of the diagram (9) 
respect the induced filtration on each term. Actually, we can show more: These sequences are even strict resolutions 
of (G A ) r resp. (ft 2 (g) G(*D)) A . Recall that a filtered complex ()€', F m , d) of coherent "D-modules is a strict resolution 
of a coherent V- module M. iff for any fc £ Z the induced morphism {F^JC* ,d) —> F^M (the latter object seen as a 
complex concentrated in one degree) is a quasi-isomorphism. In order to check this property, it suffices to show that the 
induced morphism (grj^K,*,d) — > gr^M. is a quasi-isomorphism provided that for any i, F^K, 1 is a finite F 2? A -module. 
This criterion for strictness follows from [Sch85, proposition 1.1.3 d)] (and goes back to [SKK73, proposition 3.2.7]), 
namely, the filtration F,T> A is in fact Zariskian in the sense of [Sch85, definition 1.1.2 2)]. To show this, we remark 
that the ring T> A can be identified with the ring of formal micro-differential operators on S x T* (more precisely, 
consider the sheaf of formal micro-differential operators on T*(S x T*)\T^ xT . (S x T*), and restrict it to the image of 
the section ds : S x T* — !> T* (S x T*) so that it can be considered as a sheaf on S x T* and take its global sections) 
via Fourier-Laplace transformation sending 9 to dj 1 and dg to — s, and then the filtration F m on T> A is nothing but 
the filtration induced by the degree of (micro-)differential operators. Then the Zariskian property is shown in [Sch85, 
proposition 2.2.1]. Notice that the finiteness over FqV of each filtration step of any module in both of the horizontal 
exact sequences in diagram (9) obviously holds. 

Let us first show that the graded object of the upper sequence in diagram (9) is acyclic. This graded complex is 
the Koszul complex of the symbols (with respect to F,T> A ) of P{ and — in gr^(P A ), i.e., the Koszul complex of 
(—9 ■ t ■ v) n — -A^t and 9 2 ■ u + nt9 ■ v. The ideal generated by these two functions has codimension two, notice that 

grf(P A ) = grf(P A ) ^ G[[9]}[9-\t,t-\v] 

((-9 ■ t ■ v) n - ^t,9 2 -u + nte ■ v) {(-9 -t-v) n - ^t,u + 9~ x -nt-v) {(-9 ■ t ■ v) n - ^t) 

and the latter ring is obviously two-dimensional. Hence the symbols of P\ and —P\ define a complete intersection and 
thus form a regular sequence in gr^(X> A ). It follows that the Koszul complex of these two functions is a resolution of 
the quotient ring. We conclude that the upper line of diagram (9) is a strict resolution of (G A ) r . 
A similar argument applies to the lower line of this diagram: The graded complex gr^(ft*(2? A )) is a resolution of 
gr^ ((fl 2 ) A ) since it is simply the Koszul complex of the elements u,v in the ring grf (2? A ) = C[[0]][0 -1 , t, t -1 , u, v]. 
Hence the graded complex of (Q'(V)®G(*D)) A is a resolution of gr^ (ft 2 ®G(*D) A ) (since the differential on (ft*(2>)(g> 
G(*D)) A is the identity on the second factor), so that (Q*(D)tg>G(*D)) A is a strictly filtered resolution of (ft 2 <x>G(*L>)) A . 
Moreover, the isomorphism ((ft* (g> T>) ® G(*D)) A ^ ((ft* £g> G(*D)) ® T>) A used in the proof of theorem 6 is strict 

because it is filtered and its inverse (induced by the isomorphism (G(*D) <g) V) A (V g) G(*D)) A ) also respects 
the filtration. We conclude that the formal version of the complex (5), i.e., the lower line of diagram (9) is a strict 
resolution of (ft 2 <g> G(*D)) A . 

We have now seen that both lines of this diagram are strict, and moreover that the rightmost isomorphism ((p A ) r strictly 
shifts the filtration by —3. Then the same holds for any of the vertical morphisms, and the induced isomorphism ty A 
satisfies 

* A : (F. V +3 (G(*P) V )) A ^> (F. D (DS)) A . 

where F. V (G(*D) V ) := Wom €[e ,t,t-i] (F.G(*D), C[9, t, t" 1 }) and where F. D (D£) is the filtration on dual to F.Q in 
the sense of [Sai88, 2.4]. Moreover, due to the strictness of the resolution of (G A ) r , the (formal version of the) duality 
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isomorphism from proposition 5 satisfies 

$ A : (Q A ,F A ) 



(10) 



where again is the filtration dual to F,. Combining this with the isomorphism ip A : (FqQ) a = Qq — > Gq(*D) a , 
noticing that Fq (G(*D) V ) = Gq(*D) v and looking at the (formal version of the) diagram (7) we finally conclude that 



(,**) A o $ A o (ip-y : G (*D) A A (i*{Q n - 1 ■ G (*#) V )) A , 



as required. 



□ 



4 Limit and weak logarithmic Frobenius structures 

In this final section we indicate how the theorems 6 and 7 from the last section can be used to sharpen the results 
from [GMS09, section 4 and 5]. We start with a preliminary lemma. Consider the grading of <C[8, 6*" 1 , t, t^ 1 ] for which 
deg(#) = 1 and dcg(i) = n. We obtain an induced grading on V with deg(<9g) = —1 and dcg(<9 t ) = — n. Notice that this 
grading does neither induce the filtration F, on T> considered in the proof of theorem 7 nor the usual order filtration 
used in the proof of proposition 5. The module G(*D) (as well as its various lattices) carries a compatible grading, 
we have deg(wi) = i — 1 and the connection operator V on G(*D) from proposition 3 as well as the isomorphism tp 
from theorem 4 are homogenous of degree 0. 

Lemma 8. (see also [GMS09, conjecture 5.5]) The pairing S from theorem 6 is homogenous of degree with respect 
to this natural grading of (G(*D), V), i.e., we have 



S(G(*D) k ,G(*D)i) CC[8, 



,t,t 1 ]fc+(. 



Proof. The statement we need is equivalent to the fact that the isomorphism $ mer from the proof of theorem 6 
is homogenous of degree 0. In order to show this, we need again to consider the comparison isomorphism \I/ : 
(G(*Z?), V) v — > D(G(*D)) from the proof of theorem 6. Recall that it was constructed from diagram (6), which we 
recall below. However, we will write it in such a way that all morphism are homogenous for the above grading. We 
have 



V[n + l] c 



Pi 



V[n] £>[!] 



(pi 



■V- 



g r = v/(Pt,pi)v 



>/<' 



G(*D) ®o V( — - tt 1 ®o G(*D) ®o V O. 2 ®o G{*D) <®o V O. 2 ®o G(*D) 

where T)[k] is T> with the shifted grading defined by T>[k]i = "Dk-l- From the description of the morphisms a and /3 
given in the proof of theorem 6 we see that both are homogenous of degree 0. Hence the above diagram is a morphism 
of 0-graded complexes of right 2?-modulcs (i.e., a morphism of complexes of graded right 2?-modulcs with differentials 
of degree 0). Therefore the degrees of the vertical maps are all equal, and we only have to determine the degree of the 
rightmost morphism tp r . Recall that it is defined by sending 1 to (dO x dt) <g> (nvol /dh), hence, deg(</? r ) = n + 1. It 
follows that deg(ip') = n+ 1. The morphism ip : T> — > G(*D) £g>o T> from diagram (6) is the same as tp', but defined on 
V rather than on V[n + 1] , hence deg(V>) = 2n + 2. It follows that we have deg(*) = 2n + 2, where * : G(*D) V -> 
is the isomorphism induced by the dual of ip. Now consider again diagram (7) from above. From deg(y) = and 
deg($) = deg(i*^) = 2n + 2 we deduce deg(<I> mer ) = 0, as required. □ 

As a consequence, we obtain a quite precise result on the behavior of the pairing S with respect to the bases co and u; 
from proposition 3. 

Theorem 9. Let D C V be reductive and f G V v generic. Then 

1. The basis w from proposition 3 yields a (V + , S)-solution (in the sense of [DS03, appendix B.dj) to the Birkhoff 
problem in family of (Gq(*D), V) and more precisely, we have 

S^.^-jeC-r 1 .^.^ (11) 

for some fcel, 
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2. The basis uj_ from proposition 3 is a (V + , S) -solution to the Birkhoff problem of (G(log D)/t ■ G(log D), V) and 
more precisely, we have 

S(oj i ,oj j )€C-e n - 1 -6 i+jtn+1 (12) 

3. We have S(G (log L>),G (log D)) C tf^C^i] (this is the second part of [GMS09, conjecture 5.5.]). 

4-. Put G(*D) := ©™ =1 Opi X T* ' %i an d C(log D) := ©f =1 Opi X T ' w ij ; then S induces non-degenerate pairings 

S : G(*D)®l*G(*D) -> C P i xT .(-(n - l),n - 1) 

and 

S : fG(log D)/t • G(log D)j ® a* (G(log £>)/i ■ G(log D)j -»■ P i (-(n - 1), n - 1). 

where Opi X T*(a, &) (resp. 0-pi(a,b)) is the subsheaf of OpixT* (*{0> °°} x T*) (resp. Opi (*{0, oo})j of mero- 
morphic functions with a pole of order a along {0} x T* (resp. at 0) and a pole of order b along {oo} x T* (resp. 
at oo ). 

Proof. It was shown in [GMS09, corollary 4.12] that w (resp. w) is a U + -solution for (Go(*-D),V) (resp. for 
(G (log D)/£-G (log £>), V)). Recall from [DS03, appendix B.d] (see also [GMS09, lemma-definition 4.6]) that u (resp. 
lo) is compatible with S (i.e., a S-solution) iff S(u! i: ujj) G -C[i, t~ x ] for alii e {l,...,n} (resp. S(ui,Uj) £ 6< n_1 -C 
for all i G {1, . . . , n}). 

In order to show the statements 1. and 2., we use the proof of [GMS09, theorem 4.13], where an additional hypothesis on 
the multiplicity of the smallest spectral number wa s made. However, as dcg(cji) = i — 1 (resp. dcg(a;) = i — 1+fc-n 
for some k £ IN) we deduce from the theorems 6 and 7 as well as from lemma 8 that whenever we take i E {1, . . . , n} 
such that Vi = ^o-(i), then S(ui,ujk) E C • <5;+j,,i+i • n_1 and S(oJi,uJk) £ C • # n_1 • i 2/c • Then the proof of 

theorem 4.13 in loc.cit. shows that this is true for any i 6 {1, . . . , n}, that is, we obtain the formulas (11) and (12), 
but also the statements 3. and 4 from above. □ 

We can now give the promised application of the above results. It consist of a sharpening of theorems 5.1, 5.7 and 
5.9 from [GMS09]. We we do not need anymore to make an assumption on the multiplicity of the spectral number at 
infinity of fi^-iu) and we also know that [GMS09, conjecture 5.5.] holds. Using this, the proofs of the theorems below 
are the same as in loc.cit. and are therefore omitted. We always suppose that D is reductive and / € V v generic. 
The first result is the construction of a Frobenius manifold structure on a miniversal deformation space of the restriction 
f\h~Ht)- 

Theorem 10. [GMS09, theorem 5.1] Consider a semi-universal unfolding F : Bt x Mt — > Dg as in loc.cit. theorem 
5.1 (where Ds C C is a small disc and Bt = h~ l {t) n B e , with Mt and B e being balls in <C n ). Then (any non-zero 
multiple of) any of the section uJi from proposition 3 is primitive and homogenous and induces a Frobenius structure 
on M t . 

The next result gives the construction of a Frobenius structure at t = 0, that one may see as associated to the 
restriction of / to D. 

Theorem 11. (see also [GMS09, theorem 5.7]) The germ at the origin of the TZh-miniversal deformation space of 
f (called Mq) carries a constant Frobenius structure (i.e., such that the structure constant of the multiplication are 
constant in flat coordinates). 

Finally, wc also obtain the structure of a "weak logarithmic Frobenius manifold" associated to the couple (f,h) (see 
[Rci09] for the definition of a logarithmic Frobenius manifold and [GMS09, definition 5.8] for a variant called "weak 
logarithmic" ) . 

Theorem 12. (see also [GMS09, theorem 5.9]) The module G' from loc.cit., theorem 5.9 underly a weak log S- 
trTLEP- structure and the form t~ k uji — i~ fe o;^ 3 '' (where i is the index from loc.cit., lemma 5.3) is primitive and 
homogenous. It yields a weak logarithmic Frobenius manifold associated to (f,h). 
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